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Summary
Self-consistent solutions to the system of spinor and scalar eld equations in General
Relativity are studied for the case of Bianchi type-I space-time. It should be emphasized
the absence of initial singularity for some types of solutions and also the isotropic mode
of space-time expansion in some special cases.
The aim of the paper is to nd some exact self-consistent solutions to the equations, de-







(S) being arbitrary function of the invariant S =

  for Bianchi type-I space-time.
Equations for partial choice of (S), while [(S)]
 1
= 1 + S
n
,  being the coupling
constant, n being some constant, have been thoroughly studied. It is shown that the
equations, mentioned, can possess initially regular, as well as singular solutions, depend-
ing on the sign of , nevertheless singularity remains absent for solutions describing the
eld system with broken dominant energy condition.































with R being the scalar curvature,  being the Einstein's gravitational constant. Function
(S) = 1 + F (S); S =

  ; describes the interaction between spinor and scalar elds, 
being the interaction parameter. For  = 0 the interaction vanishes and (S) = 1. In
this case we have the system of elds with minimal coupling.


















From Lagrangian (1) we will get Einstein equations, spinor and scalar eld equations
and components of their energy-momentum tensor. We will use Einstein equations for


































































































Spinor and scalar eld equations and components of its energy-momentum tensor can











































































In (7) and (9) r
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(x) are spinor ane connection matrices. 

(x) matrices are dened for the










































































































Flat space-time matrices we will choose in the form, given in [3].
We will study the space-independent solutions to spinor and scalar eld equations (7),
(8) so that
 = V (t); ' = '(t):




; C = const;  (t) = a(t)b(t)c(t): (12)

















(S)V = 0; (13)

























































= 0; l = 3; 4: (15)
From (14) and (15) we will nd the equation for invariant function
S =




































As in the considered case P depends only on S, from (17) it follows that P (S) and
P
0
(S) are functions of  = abc. Taking this fact into account, integration of the system









































Putting (18) into (9), we will get the following expressions for the components of the












































































P   4R: (21)







































































Giving the explicit form of (S), i.e. P = 1=, from (24) one can nd concrete function
 (t) = a(t)b(t)c(t). Putting the obtained function in (18), one can get expressions for
components of spinor function V

(t), where  = 1; 2; 3; 4:
Let us express a; b; c through  . For this we notice that subtraction of Einstein equa-























































































































































































































is the initial time.
Thus the previous system of Einstein equations and interacting spinor and scalar
eld ones is completely integrated. In this process of integration only rst three of the
complete system of Einstein equations have been used. General solutions to these three













, that were obtained while solving equation (22).
Equation (6) is the consequence of rst three of Einstein equations. To verify the cor-
rectness of obtained solutions, it is necessary to put a(t); b(t) and c(t) in (6). It should
lead either to identity or to some additional constraint between the constants. Putting


































that guaranties the correctness of obtained solutions.
To get the constant C
1


























































which means that the constant C
1
is a positive one.
We will rst study the solution to the system of eld equations with minimal coupling
when the direct interaction between the spinor and scalar elds remains absent, i.e. in
the Lagrangian (1) (S)  1. The reason to get the solution to the self-consistent
5
system of equations for the elds with minimal coupling is the necessity of comparing
this solution with that for the system of equations for the interacting spinor, scalar and
gravitational elds that permits to clarify the role of interaction terms in the evolution of
the cosmological model in question.



























































Note that as the energy density T
0
0
should be a quantity positively dened, the equation
(32) leads to C
0
> 0. The inequality C
0
> 0 will also be preserved for the system with
direct interaction between the elds as in this case the correspondence principle should be
fullled: for  = 0 the eld system with direct interaction turns into that with minimal
coupling.
























Putting  (t) from (34) into (18) and (29) one gets the explicit expressions for the
components of spinor eld functions V




















































































































are the roots of the quadratic polinomial in









the solution (34) is singular one, while in the opposite case it is not. Putting (34) into






























As the right-hand side of the equation (39) is positive, the quadratic trinomial in (34)









 t  1:








and a(t)  b(t)  c(t)  t
2=3
; that leads to the conclusion about the asymptotical
isotropization of the expansion process for the initially anisotropic Bianchi type-I space-
time.
Thus the solution to the self-consistent system of equations for the spinor, scalar and
gravitational elds is the singular one at the initial time. In the initial state of evolution
of the eld system the expansion process of space-time is anisotropic, but at t!1 there
happens isotropization of the expansion process.
To investigate the system of spinor and scalar eld equations with direct interaction
we will consider the partial case for choosing P (S):
P (S) = 1 + S
n


































; in (24) t
0
has been taken zero, as it only gives the shift of the
initial time.
Let us study dierent cases of choosing  and n. I.  > 0; n > 0: In this case (41)
leads to the following behavior of  (t):



























Note that (42) coincides with (34) at t ! 1. It leads to the fact that in the case
considered, the asymptotical isotropization of the expansion process of initially anisotropic
Bianchi type-I space-time takes place without the inuence of scalar eld. In this case
the initial state is singular:  (0) = 0:
Thus, the evolution of the interacting elds system at  > 0 and n > 0 is qualitatively
the same as that of the system with minimal coupling.
II.  =  
2






























i.e. as well as in the previous case the asymptotical isotropization of the expansion process
of initially anisotropic Bianchi type-I space-time takes place. But  = 0 cannot be reached
7
as in this case the denominator of the integrand in (44) becomes imaginary at  ! 0.


























It means that for  < 0 and n > 0 there exist regular solutions to the previous system of
equations. The absence of the initial singularity in the considered cosmological solution
appears to be consistent with the violation for  < 0, of the dominant energy condition
in the Hawking-Penrose theorem [1].
III.  > 0; n =  k
2


















































































































From (48) one gets:  (t
0
) = 0, where t
0


































The solution (48) describes initially (i.e. at t
0
) singular and asymptotically (i.e. at t!1)
isotropic Bianchi Type-I cosmological model. Note that in this case the transition to the
isotropic regime happens exponentially.
IV.  =  
2
< 0; n =  k
2
























































































From (53) and (54) one comes to the conclusion that the solution (52) is initially (i.e. at
t
0
=  1) regular one and at t!1 asymptotically isotropic.
b) k
2































































In this case  (t) possesses





















) = 0: (57)
The solution obtained describes the cosmological model, which begins to expand at t
1
,




































































. From (59) follows that  (t
0














































and further at t = t
1
again turns to zero:  (t
1
















Thus the solution (59) describes the cosmological model, which begins to expand at
t
0
, acquires its maximum at t
max
and then collapses into a point at t
1
.
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